TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 353, Number 5, Pages 2019-2058

S 0002-9947(01)02711-8

Article electronically published on January 10, 2001

UNCONDITIONAL STRUCTURES
OF WEAKLY NULL SEQUENCES

S. A. ARGYROS AND I. GASPARIS

ABSTRACT. The following dichotomy is established for a normalized weakly
null sequence in a Banach space: Either every subsequence admits a convex
block subsequence equivalent to the unit vector basis of ¢, or there exists a
subsequence which is boundedly convexly complete.

1. INTRODUCTION

The semi-normalized weakly null sequences (i.e., sequences (z;) in a Banach
space converging weakly to zero and such that inf; ||z;|| > 0) being a fundamental
concept in the theory of Banach spaces have been studied extensively and several
results about their structure, and the structure of the spaces spanned by them have
been proved. We mention Bessaga and Pelczynski’s theorem [B-P], that any such
sequence has a subsequence which is Schauder basic, and Maurey and Rosenthal’s
examples [M=R] of weakly null sequences without unconditional basic subsequences.
Both results are fundamental with enormous impact in the development of the
theory.

After the appearance of Maurey and Rosenthal’s examples, a number of results
establishing certain forms of “restricted” unconditionality for weakly null sequences
were obtained. We recall Elton’s near unconditionality [E], |[O1], the Schreier un-
conditionality, stated in [M-R] and also proved later by Odell [O2], and the Argyros-
Mercourakis - Tsarpalias convex unconditionality [A-M-TJ. Also, the Schreier fam-
ilies {S¢},_,, [A-Al, and the repeated averages hierarchy [A-M-T], determined the
structure of those convex combinations of a weakly null sequence that tend to zero
in norm.

The second and the third sections of the present paper are devoted to a unified
approach of these results. Some of them are stated in a more general setting and the
proofs, given here, are simpler than the existing ones. The fourth section contains
a new dichotomy for weakly null sequences. We shall next explain our results
related to this dichotomy and then present the results of the first two sections. We
are interested in the isomorphic structure of subsequences of a given sequence (x;).
Therefore, in the sequel, by a weakly null sequence () we shall mean a normalized

Received by the editors November 20, 1998 and, in revised form, February 14, 2000.
2000 Mathematics Subject Classification. Primary 46B03; Secondary 06A07, 03E10.
Key words and phrases. Ramsey theory, weakly null sequence, convex block basis.

(©2001 American Mathematical Society

2019



2020 S. A. ARGYROS AND I. GASPARIS

sequence which is additionally bimonotone. That is, ||z;|| = 1 and
n oo o0

supmax{ Zaixi , Z a;x; } < Zaimi ,
" i=1 i=n+1 i=1

for all choices of scalars (a;). We shall use standard Banach space facts and termi-
nology. Throughout this paper, X will denote a real infinite dimensional Banach
space and By its closed unit ball. X* stands for the Banach space of real-valued
linear functionals on X which are continuous with respect to the norm topology.
co denotes the Banach space of real sequences tending to zero, under the supre-
mum norm. #¢; is the Banach space of absolutely summable real sequences, un-
der the norm given by the sum of the absolute values of the coordinates. We
mention here that in the sequel, we shall often identify the elements of ¢; with
signed measures on N. A semi-normalized basic sequence (y;) in X is called C-
equivalent to the unit vector basis of cg, if there exists a positive constant C' such
that || Z?Zl a;y;|| < Cmaxj<y|a;|, for every n € N, and all choices of scalars
(a;)5—1-

Given (x,) a sequence in a Banach space, a sequence (y,) is called a block
subsequence of (xy), if there exist consecutive sets F; C N (that is, max F; <
min Fi 41, ¢ € N), and a sequence (a;) of scalars such that for every i € N, y; =
Znem anTy. We then denote by supp y;, the support of y;, that is the set {n € F; :
lan| > 0}. We shall also adopt the notation y; < y2 < --- to indicate that (yy,) is
a block subsequence of (z,,); (yn) is called an absolutely convex (resp. sub-convex)
block subsequence if (a;) satisfies > p |an| = 1 (vesp. Y., cp lan| < 1). If in
addition the a;’s are non-negative, then (y,) is a convex (resp. sub-convex) block
subsequence of ().

For an infinite subset M of N, we let [M] (resp. [M]<>°) denote the set of its
infinite (resp. finite) subsets. [M]*¥, k € N, is the subset of [M]<° whose members
have k elements. Finally, w; denotes the first uncountable ordinal. We start with
some definitions and notations.

Definition 1.1. 1. A sequence s = (z;) in a Banach space X is said to be series
bounded if
n
def
sup ij = b(s) < 0.
2. A semi-normalized Schauder basic sequence s = (x;) is said to be semi-

boundedly complete, (sb.c.), if for every sequence of scalars (a;) such that
(ajz;) is series bounded, we have that lim; a; = 0.

The basic definition related to our result is the following.

Definition 1.2. A semi-normalized Schauder basic sequence s = (x;) is said to be
boundedly convexly complete, (b.c.c.), provided the following property holds for
every sequence of scalars (a;) such that (ajz;) is series bounded: Given (Fj), a
sequence of consecutive finite subsets of N such that sup,, > a;| < oo, then

limn H ZjEF,L ajxj” =0.

JEF,

It follows easily that every b.c.c. sequence (x;) is also sb.c. In fact, every semi-
normalized absolutely convex block subsequence of (x;) is semi-boundedly com-
plete. We mention here that as a consequence of our main result, Theorem [[4]
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one obtains that every weakly null sequence having the property that every semi-
normalized absolutely convex block subsequence is semi-boundedly complete, ad-
mits a b.c.c. subsequence.

Our next proposition gives a simple characterization of b.c.c. sequences.

Proposition 1.3. Let s = (x;) be a Schauder basic sequence and let a = (a;) be a
sequence of scalars. For every n € N, we define

Tn(a, s) —sup{ Zajxj :n < min F, Z la;| < 1},

JEF JEF

and 7(a, s) = lim, 7,(a,s). s = (z;) is b.c.c. if and only if, for every sequence of
scalars a = (a;) such that (ajz;) is series bounded we have that T(a,s) = 0.

We omit the easy proof and observe that for a sequence s = (z;) we have that
7(a,s) > 0 if and only if there exists a sequence (F},) of consecutive finite subsets
of N such that } .. |a;| <1, foralln € N, and inf,, || Y-,y ajz;l| > 0.

Assuming s is weakly null and that a = (a;) satisfies the stronger condition that
the series 3%, ajx; converges in norm, it does not seem clear that 7(a,s) = 0.
However, if (x;) is convexly unconditional [A-M-T], it is guaranteed that for any
such a we have that 7(a,s) = 0. The main result of the fourth section is the
following.

Theorem 1.4. For every weakly null sequence (x;) one of the following two alter-
natives holds exclusively:

1. There exists a boundedly convexly complete subsequence.
2. FEvery subsequence admits a conver block subsequence equivalent to the unit
vector basis of cg.

We recall that as a consequence of Elton’s nearly unconditional theorem, one
obtains a similar dichotomy for weakly null sequences where the two alternatives
go as follows:

1. There exists a semi-boundedly complete subsequence.
2. Every subsequence admits a further subsequence equivalent to the unit vector
basis of cg.

Thus, our result may be considered as the continuation of Elton’s theorem in the
direction of a deeper search in the span of the sequence (x;), for the existence of
a block subsequence equivalent to the unit vector basis of ¢g. Also, the alternative
to the latter case is the existence of a restricted form of unconditionality which is,
in an asymptotic sense, the near unconditionality for convex block subsequences.

Let us observe that if we assume that the sequence (z;) is unconditional basic,
then Theorem [1.4] follows easily by well known arguments. However, even in this
case, our proof derives more information about the structure of the sequence. This
is a consequence of our next result.

Theorem 1.5. Let s = (z,) be a weakly null sequence having no subsequence which
is b.c.c. There exist N € [N], £ < w1 and a constant C' > 0 such that the subsequence
(Tn)nen is an £§ spreading model, and for every Q € [N], (£9-8)nen is C-equivalent
to the unit vector basis of cqg.

In the above, (£9 - s)nen is the sequence of repeated averages of order ¢ of the
sequence (Z,)neq. This concept will be explained in the next section.
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Therefore, every weakly null sequence with no b.c.c. subsequence, has a sub-
sequence which behaves similarly to the basis of Schreier’s space X¢, for some
countable ordinal {. Recall that X, is defined as the completion of (coo, || - ||¢)
where

Jalle = sup 3 [an)
FeSe neF

for x = (x(n)) € coo, the space of ultimately vanishing sequences. We do not know
if the subsequence (2, )nepr resulting from Theorem is actually equivalent to a
subsequence of the unit vector basis of X¢ for the corresponding ordinal §.

The statement of Theorem [[4 reminds us of Rosenthal’s remarkable dichotomy
[R], for non-trivial weak-Cauchy sequences. (A weak Cauchy sequence is called
non-trivial if it is non-weakly convergent.) We recall the statement of this theorem.

Theorem 1.6. Every non-trivial weak Cauchy sequence in a (real or complex) Ba-
nach space has either a strongly summing subsequence or a convez block basis equiv-
alent to the summing basis.

Following [R], a weak Cauchy basic sequence (x,) is said to be strongly summing
(s.s.) provided that the scalar series Y a, converges whenever sup,, || >0 | a;z;]|
is finite. We also recall that the basic sequence (x,,) is equivalent to the summing
basis provided that for every choice of scalars (a,,), the series Zzozl An Ty CONVErges
if and only if the series ), a, converges.

There are similarities but also differences between Rosenthal’s dichotomy and
ours. Their relation is discussed in detail in the last section of this paper where
we also give a slight improvement of Rosenthal’s result, Corollary 5.3} and estab-
lish the corresponding statement to Elton’s dichotomy for non-trivial weak Cauchy
sequences, Corollary B.5.

The proof of Theorem which immediately implies Theorem [T4] is given in
section 4 following Lemma F.7. Our argument is of combinatorial nature depending
heavily on results obtained in sections 2 and 3. Roughly speaking, the nature of
this theorem enforces a delicate combination of the near unconditionality with the
convex unconditionality and the results related to summability methods. Next we
shall give a rough sketch of the proof of Theorem [[LH indicating how the results
obtained in Sections Pl and Bl are used in the argument.

Sketch of the proof of Theorem[I.5l Start with a normalized weakly null sequence
s = (zp) and suppose that no subsequence of s is b.c.c. We can assume that s
has no subsequence equivalent to the unit vector basis of ¢y, or else the assertion
of Theorem trivially holds. Furthermore, Elton’s dichotomy, Corollary B3]
allows us to assume that the sequence () of functionals biorthogonal to (x,) is
weakly null in [(z,,)]*. This fact is crucial for establishing the key Lemma 6. We
shall effectively construct a convex block subsequence of (z,,) equivalent to the unit
vector basis of cg.

The first step is an easy stabilization argument given in Lemma ET. We obtain
My € [N] and 09 > 0 with the property that for every L € [Mp] there exist a
scalar sequence (G, )mer such that (a,Zm)mer is series bounded by 1, and con-
secutive subsets (F;) of L so that for every i € N (am,)mer, is sub-convex with
IS e, @ > do.

The main difficulty now is that changing from a subset L of M, to another
subset N, the sub-convex block subsequence resulting from LemmaTlapplied on L
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changes arbitrarily to a sub-convex block subsequence supported by N. Therefore,
there is no obvious way to directly apply the infinite Ramsey theorem (Theorem
Z8). In order to overcome this difficulty, we make strong use of results on the
ordinal complexity of weakly null sequences [A-A], [A-M-T]. We apply Theorem
213, Corollary [3.6] and Theorem [[LT1 in Lemma 5, to obtain M € [N], § > 0 and
1 < ¢ < w satisfying the following properties:

1. (Tm)mem is an £§ spreading model (Definition 1), yet no subsequence of
(Zm)menr is an €51 spreading model.

2. For every N € [M] we can find P € [N] so that for every finite sequence
(F3)7— of consecutive maximal S¢ subsets of P there exists a scalar sequence
(@m)men which is ¢-faithful for (4, (F;)2,).

The latter means that

(i) (@mTm)men is series bounded by 1 and |a,,| < 3, for every m € N.

(i) (am)mer, is sub-convex and || 3>_, c o am@m| > 6, for all i <n.

It is a crucial fact for the entire proof that the first ordinal « such that (z;,)
admits no subsequence which is an £¢ spreading model, is a successor ordinal o =
& 4+ 1. This is the content of condition 1 above. On the other hand, condition 2
indicates that the semi-normalized convex block subsequence of (z,,) we are seeking,
is related to the ordinal £. Indeed, our goal is to show that for some L € [M] the
sequence (£L - s) of repeated averages of order £ of s, is actually equivalent to the
unit vector basis of ¢g. The repeated averages hierarchy {(¢£) : L € [N]}, enjoys
very strong stability properties (P3 and P4 after the definition of the hierarchy)
and for this reason it can be handled through Ramsey’s theorem and generalizations
of Elton’s result (Theorem [L.9)).

We next apply the combinatorial result of [AN-O] (Lemma [2.4]in our paper) to
deduce that the sequence (£ - s) is uniformly semi-normalized for all L € [M]. The
heart of the proof lies in establishing the following:

Given A > 0, e > 0 and N € [M], there exist P, Q and L in [N], L C Q C P, so
that the following property is fulfilled:

If there exist y* € Bx~ and n € N such that ., y*(¢f - s) > A, then there
exist £* € Bx-, a scalar sequence (am)mep and consecutive maximal S¢ subsets
(F)P_, of @ satisfying:

St (€l - s) > A, while ZmeP\Ugle suppel |77 (@m)| < € (Lemma 2.
(am)mep is &-faithful for (6, (F;)™ ;) (Lemma H.H).

Yomep\Ur, F; 177 (@m)] < 2¢ (Lemma K8 combined with 1 above).

. Fi\ {minF;} C {m € supp&l : z*(zm) > 32 (&L - 5)}, i < n (Lemma B2
combined with Proposition 2TH).

Conditions 1-4 yield that for A > 2 and N € [M], there exists L € [N] so that
[ Sor &F - s|| < A for all n € N. We deduce from the infinite Ramsey theorem,
that for some L € [M], (¢F - s) is equivalent to the unit vector basis of co.

We next proceed with the results of the first two sections of this paper. In
section 2] we present a criterion for embedding the family S¢'(M), Definition 23]
where M € [N], £ < w; and n € N, into a hereditary family § of finite subsets of N.
This criterion, Theorem T3] is related to the notion of (£, M, d,n) large families,
Definition 216, introduced in [A-M-T] and [A-F], and for the case n = 1 it roughly
says that given a hereditary family § of finite subsets of N, there exists M € [N]
with S¢(M) contained in § provided the following property holds for some subset

= 00D =
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A of the probability measures on N: suppcz u(F) > 6 > 0, for all u € A, and for
every L € [N], every € > 0 and ¢ < &, there exists u € A supported by L and such
that suppcg, u(F) < e. We apply Theorem in section Bl in order to obtain
a simpler proof (bypassing the use of the strong Cantor-Bendixson index) of the
following dichotomy established in [A-M-T].

Theorem 1.7. For a weakly null sequence s = (x,,) in a Banach space and 1 <
& < wy, one of the following holds exclusively:

1. (zp) is &-convergent.
2. There exists M € [N], M = (m;)ien, such that (z,,,) is an 15 spreading model.

&-convergence is introduced in Definition The concept of an lf spreading
model is given in Definition 2Tl

It is perhaps worth noting that the summability methods introduced in [A-M-T)|
form the natural ordinal analogs of the Cesaro summability. These methods have
been already employed in modern Banach space theory, [A-F], [O-S] and it is pos-
sible that they can be applied to other branches of mathematics as well. The proof
of Theorem [[C7] given here is accessible to non-specialists.

Theorem [ yields

Corollary 1.8. Let (z,,) be a weakly null sequence which is an l§ spreading model
for some ordinal & < w1, yet no subsequence of (x,) is an lf“ spreading model.
Then there exists a semi-normalized convex block subsequence of (x,) which is Ce-
saro summable.

Let us remark here that the hypothesis of Corollary[[.g]is satisfied for any weakly
null sequence in a Banach space whose Szlenk index [Sz], is equal to w™, n € N. Thus
we generalize the result of Alspach and Odell, [A-O], who established Corollary
for weakly null sequences in C(w*"), n € N.

In the third section we give a simpler proof and a generalization of Elton’s nearly
unconditional theorem, [E], [O1]. More precisely we show

Theorem 1.9. Let s = (z,) be a weakly null sequence in a Banach space and
& <wy. There exists M € [N] such that for every § € (0,1] there exists a constant
C(0) > 0 so that the following property is satisfied: If L € [M], n € N and (a;)?_,
are scalars in [—1,1], then

Z ai(fz‘L - 8)
i€l
for all F C {i <n: |a;| > d}.

The proof of Theorem is based on the combinatorial Lemma [3.2] The dual
version of this lemma, Lemma B4 readily implies that every normalized weakly
null sequence admits a convexly unconditional subsequence. This is one of the main
results in [A=M-=TJ. It can be equivalently formulated as follows:

< C(6) max{a,

Z ai(fz‘L - 8)
i=1

Theorem 1.10. Let (x,,) be a weakly null sequence in a Banach space. There exists
M € |N], M = (m;), such that for all 6 > 0, there exists a constant C(§) > 0 so
that the following property is satisfied: If F € [N|<* and (\;)icr are scalars with
[ Yier Aitm, || >0 and 3, o [Ni| <1, then || 372 agzm, || > C(6), for all choices
of scalars (a;)$21 C coo, with max; |a;| < 1 and such that |a;| = |\i|, for alli € F.
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Another application of Lemma [3.4]is on the S¢ unconditionality of l§ spreading
models. Recall that the sequence (zy,) is said to be S¢ unconditional, if there exists
a constant C' > 0 such that
<C

3

E a;Tq

i€l

o0
> et
i=1
for every F' € S¢ and all choices of scalars (a;)72; C coo.

Theorem 1.11. Let (zy,) be a weakly null sequence and & < wy. Assume that ()
is an 5 spreading model. There exists M € [N], M = (my), such that (xm,) is Se
unconditional.

We also obtain Corollary[B.7] the result on Schreier unconditionality [M-R], [O2],
that every normalized weakly null sequence admits, for every e > 0, a subsequence
which is 2 + € S unconditional.

Our final results, Theorem and Corollary[T.13] concern the duality between
co® (Definition 38 and l§ spreading models, and the concept of the hereditary &
Dunford-Pettis property (Definition B.9).

Notation. If M € [N] and (x,) is a sequence in X, then we let X denote the
closed linear span of the subsequence (2, )nens-

The duality between co® and €§ spreading models is described next.

Theorem 1.12. Let (x,) and (x}) be normalized weakly null sequences in X and
X* respectively. Assume that for some € > 0 we have that inf, |z} (z,)| > €. Let
1 <& <wi. The following are equivalent:

1. For every M € |N|, there exists L € [M] such that (x| Xn)ner is an 6
spreading model in X3,.

2. For every M € [N, there exists L € [M] such that (z,)ner 5 a co® spreading
model.

Corollary 1.13. For a Banach space X and 1 < £ < wy, the following are equiv-
alent:

1. Every normalized weakly null sequence in X admits a subsequence which is a
cg spreading model.
2. X is hereditarily £-DP.

Before closing this section we would like to mention that according to an un-
published result of Johnson, [O1], if every subsequence of a normalized weakly null
sequence (z,) admits a further subsequence which is series bounded, then there
exists a subsequence of (x,) equivalent to the unit vector basis of ¢y. Theorem [4]
immediately yields a generalization of Johnson’s result as the following corollary
shows.

Corollary 1.14. Let (zy,) be a weakly null sequence in a Banach space. Assume
that every subsequence of (x,,) admits a semi-normalized convex block subsequence
which is series bounded. Then there exists a convex block subsequence of (x,,) equiv-
alent to the unit vector basis of cg.

We must point out here that even under the stronger assumption of Corollary
[LT4, the proof has to go through the arguments of the general case.
We wish to thank H. Rosenthal for useful discussions regarding this paper.
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2. LARGE FAMILIES

In this section we present a criterion, Theorem 213, for embedding the family
Sg(M), where M € [N], £ < wy and n € N, into a hereditary family § of finite
subsets of N. This criterion will be applied in section 3 in the proof of Theorem
(1}

We shall now introduce some notation and terminology that will be frequently
used in the sequel and state all necessary definitions of the concepts discussed in this
paper. We first recall the definition of the generalized Schreier families introduced
in [A-Al. It is convenient here to associate to each countable ordinal £, a sequence
of successor ordinals (&, + 1) such that &, + 1 =¢, for all n € N, if £ is a successor
ordinal, while (&, + 1) strictly increases to &, if £ is a limit ordinal. In the sequel
we shall refer to (&, + 1) as the sequence of ordinals associated to &.

Notation. If Fy, F5 are non-empty subsets of N with F} finite, we denote by Fy < F»
the relation max F; < min Fs. If u, v are finitely supported signed measures on N,
we also write p < v if supp p < supp v.

The Schreier families. {S¢}¢<., are defined by transfinite induction as follows:
So = {{n}:neN}u{0}.

Suppose that the families S, have been defined for all a < €.
If&E=C+1, we set

Sg_{FE[N]<OOIF_ UFi,FiGSC,Z'<n,TL<F1<~'~<Fn}U{@}.
i=1

If £ is a limit ordinal, let (&, + 1) be the sequence of ordinals associated to & and
set

Se ={F € [N]**:n <minF, and F € S, 11, for some n € N}.

Definition 2.1. A sequence (x,) in a Banach space is an Z§ spreading model,
& < wi, if there exists a constant C' > 0 such that

Zaixi Z szzl

el i€EF

for every F' € S¢ and all choices of scalars (a;)icr.

The repeated averages hierarchy. This hierarchy was introduced in [A-M-T].
We let (e,,) denote the unit vector basis of ¢;. For every countable ordinal £ and
every M € [N], we define a convex block subsequence (£)°°; of (e,,) by transfinite
induction on ¢ in the following manner: If ¢ = 0, then ¢M = e, , for all n € N,
where M = (m,,). Assume that ()22, has been defined for all ¢ < ¢ and M € [N].
Let £ =(¢+ 1. Set

1 &
§M = CM7
1 my ; i

where m; = min M. Suppose that £M < ... < €M have been defined. Let

M, = {m € M : m > maxsupp &'} and k,, = min M,,.
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Set
1
n+1 k_ C’L

" oi=1

If € is a limit ordinal, let (&, + 1) be the sequence of ordinals associated to £, and
let M € [N]. Define

&' = &m + 1
where m; = min M. Suppose that & < .- < €M have been defined. Let
M, ={m € M : m > maxsupp &)} and k, = min M,,.
Set
fn+1 €k +1]

The inductive definition of (¢})% , M € [N] is now complete. The following
properties are established in [A=M=T].

1: (€252, is a convex block subsequence of (e,) and M = J,-, supp &M for
all M € [N] and £ < w;.

P2: supp&M € Se, for all M € [N], € < wy and n € N.

P3: If M, N € [N], £ < wy, and suppéM = supp &l for i < k, then ¢M = ¢V
for i < k.

P4: If € < wl, {nr : k € N} € N, and {Ly : k¥ € N} C [N], are such that
supp fL < supp fn,+1 , for all 4 € N, then letting L = Uz 1 suppf , we have that
¢k = EL for all ¢ € N.

Properties P3 and P4 are called stability properties of the hierarchy { (&)
M € [N]}.

Next we recall the definition of (M, §) convergent sequences.

n=1 -

Notation. For a sequence s = (z,,) in a Banach space and a vector =Y~ | anep

of 01, we set - s=3 " anZn.

Definition 2.2. A sequence s = (x,,) in a Banach space is called (M, £) convergent,
¢ < wy, M € [N, if lim, ||€M - 5| = 0. The sequence s is called ¢-convergent, if
for every M € [N], there exists N € [M] such that s is (L, &) convergent, for all
L € [N].

Remark. A sequence is (M, € + 1) convergent if and only if it is (M, ) summable.
The latter concept is defined in [A-M-T|. Therefore, the £ 4+ 1-convergence of a
sequence is equivalent to its {-summability introduced in [A-M-T).

We continue this preliminary discussion with the notion of a hereditary family.

Definition 2.3. 1. A family § of finite subsets of N is called hereditary, if for
every G € § and F' C G we have that F € §.
2. If § is hereditary and M € [N], M = (m;), then we define §[M] = {F € §:
Fc M}, and §(M) ={M(F): F € §}, where M(F) ={m, :i € F'}.
3. If § is hereditary and n € N, then we set

n
.Sn—{UFZ‘ZF1<"'<FnandFi€gai<n}'
i=1
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Remark. Evidently, if § is hereditary, then so are the families §[M], (M) and F"
for every n € N and M € [N]. It is also easily seen, by induction, that the Schreier
families {S¢},_, are hereditary.

We observe that for all £ < wq and M € [N], S¢(M) C S¢[M]. Note that the
inverse inclusion does not hold. However, the following result of Androulakis and
Odell [AN-Q], shows that the two families are in a certain sense comparable.

Lemma 2.4. For every M € [N] there exists N € [M] such that for all £ < wy,
{F\{min F'} : F € S¢[N]} C Se(M).
The next three lemmas describe properties of the maximal members of S¢, £ <

w1. Their proofs are easily obtained by transfinite induction and therefore we omit
them.

Lemma 2.5. Let £ <w; and F' € S¢. The following are equivalent:

1. If FCG and G € S¢, then F = G. Thus, F is a mazimal S¢ set.
2. FU{n} ¢ Se, for all n € N with max F' < n.
3. FU{n} ¢ Se, for some n € N with max F < n.

Lemma 2.6. Suppose that F; < --- < F,, belong to S¢[M], M € [N]. There exist
k<mnand Gy < --- < Gg, mazimal members of S¢[M] with min G; = min F; and
such that

k—1 n k
UGiCUFiCUGi, (GQZ(Z)).
i=1 i=1 i=1

Lemma 2.7. Let M € [N], £ < w1. There exists a (necessarily) unique sequence
{F$(M)}nen of consecutive mazimal S¢ sets such that

M= [j FS(M).

Remark. 1. It is easily seen that if N = |J)—; ka (M), where k1 < ko < ---,
then F§(N) = F,f(M), for all n € N.
2. Let M = (m;) and N = (n;) be infinite subsets of N. Assume that for
some p € N, we have that m; = n;, for all 1 < p. If Fkg(M) is contained in
{m; : i < p}, then, F(M) = F*(N), for all i < k.
Notation. We let M denote the set of those signed measures on N whose variation

does not exceed 1. Clearly, M is naturally identified with the ball of ¢;. If u € M
and £ < w1, we set

llalle = sup{|p|(F) : F € Se}.

We would like to mention here that the proofs of the results of this paper rely
essentially on an important principle of infinite combinatorics known as the infinite
Ramsey theorem. This theorem was proved in several steps by Nash-Williams
INW]|, Galvin and Prikry [G-P| and Silver [Si]. Proofs of the infinite Ramsey
theorem which are not model-theoretic, were given by Ellentuck [Ell], and recently
by Tsarpalias [T]. We recall the statement of the theorem. [N] is endowed with the
topology of the pointwise convergence.

Theorem 2.8. Let A be an analytic subset of [N]. For every M € [N] there exists
L € [M] such that either [L] C A, or, [L] C [M]\ A.
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In the sequel, any set satisfying the conclusion of Theorem B8, will be called
(completely) Ramsey.
Our next lemma is crucial for the proof of Theorem 2.13.

Lemma 2.9. Let § be a hereditary family of finite subsets of N, £ a countable
ordinal and m € N. For every M € [N] there exists N € [M] such that either

U™, FS(L) € § for all L € [N], or, U, FS(L) ¢ § for all L € [N].
Proof. Let

A= {Le [M] : L:JFf(L) eg}.

It follows by the second remark after Lemma P77 that A is closed in [M] and
therefore Ramsey. Hence, there exists N € [M] such that either [N] C A, or,
[NJNA = 0. If the former, then |J.", Ff(L) € §, for all L € [N]. If the latter,
then (", FF(L) ¢ §, for all L € [N]. O
Definition 2.10. Suppose that A C M, § is a hereditary family of finite subsets
of N, 6 >0, M € [N] and £ < ws.

1. We shall say that § d-norms A, if suppcg |u|(F) > 6, for all p € A.

2. Ais called (&, M) large, if for every L € [M], ¢ < £ and € > 0 there exists
p € A such that |u|(N\ L) < e and ||u|¢ <e.

We are now ready for the proof of the main result of this section. We first treat
the case n = 1.

Theorem 2.11. Let § be a hereditary family of finite subsets of N, M € [N],
& < w1, and 6 > 0. Assume that there exists A C M which is (§, M) large and
d-normed by §. There exists N € [M] such that S¢(N) C §.

Proof. We first consider the case of £ being a successor ordinal, say £ = ( + 1. Let
P € [M] and m € N. We claim that there exists ) € [P] such that

m
JFP(L) €, forall L€[Q]
i=1
Indeed, if this is not the case, we obtain through Lemma [Z9] @) € [P] such that
|JFP(L) ¢35, forall Le[Q]
i=1

Since A is (¢, M) large, there exists 1 € A such that
€ €
S and |ul(N £
Iille < 5 and N\ Q) < <

where 0 < € < g. We also have that § d-norms A and therefore, there exists Fy € §
such that |u|(Fo) > 6. It follows that |u|(Fo()Q) > J — €, and thus, since § is
hereditary, we can assume that Fy C Q and |p|(Fp) > 6 — €. Set

L=FyU{q€eQ:q>maxFy}.

Clearly, L € [Q]. We may choose k € N minimal with respect to Fo C [J¥_, F£(L).
Now k—1 < m, as Uf_ll F*(L) C Fy and so it belongs to §. Therefore, k < m and

= )
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thus
§ —e < |u|(Fo) < kllpnllc <€, by the choice of y,
contradicting the choice of €. Hence our claim holds and we can inductively choose

P, D P, D ---, infinite subsets of M such that

JF(L)€eF, forall Le[P,]andneN.
i=1
Next choose m; < mg < --- with m,, € P,, for all n € N. We set N = (m,,) and
claim that Se(N) C §. Indeed, let F' € S¢ and assume that min F' = n. Then
F = Ule F;, where Fy < --- < Fj, belong to S¢ and k < n. Applying Lemma
we obtain a finite sequence (Gi)ézl, [ <k, of consecutive maximal S¢ subsets of N
with min G; = m,, and such that
-1 1
UG cnE) c |G
i=1 i=1
Note that G; € [P,], for i <[ and so there exists L € [P,] such that
FS(L) = Gy, foralli <.

We now obtain that N(F') € §, as | < n. This completes the proof for the case of
a successor ordinal &.

Now let £ be a limit ordinal and assume that the assertion of the theorem holds
for all ordinals smaller than &. Let (&, + 1) be the sequence of ordinals associated
to £. We can now choose by the induction hypothesis,

N1 D Ny D --- infinite subsets of M

such that Sg,11(N,) C g, for all n € N. Suppose that N; = (mi )xen, for all i € N,
and choose m; < mgy < --- such that m; € N; and m; > mﬁ, for all 7 € N. Set
N = (m;) and it is easy to see that S¢(NN) C §. O

Notation. Let s = (x,,) be a sequence in a Banach space X and ¢ > 0. We set
Te(s) ={F € [N]<*®:3Jz* € Bx~ with |z*(z,)| > ¢,Vn € F}.
Clearly, F(s) is a hereditary family.

Corollary 2.12. Let s = (z,,) be a sequence in a Banach space and § > 0. Let £
be a countable ordinal and suppose that there exists a set A of absolutely sub-convex
combinations of (x,) such that:
1. ||lz]| > 6, for all x € A.
2. For every L € [N], € > 0 and ( < &, there exists v € A, x = > .2 | a;x;, such
that 324 lail <€ and 3=, plail <e, for all F € Sc.
Then there exists N € [N] such that S¢(N) C 3%(8)

Theorem 2.13. Let § be a hereditary family, £ < wy, M € [N], § >0 and n € N.
Assume that there exists A C M, consisting of finitely supported measures, which
is (§, M) large. Assume further that if p1 < -+ < pyn and p; € A, for i < n, then
there exists G € § such that |u;|(G) > 3, for all i <mn. Then, there exists N € [M]
such that S¢(M) C §.

We shall need the following
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Lemma 2.14. Let M € [N], n € N and £ < wy. Suppose that
k
Sg(M) = | 8,
i=1

where §; is hereditary for all i < k. Then there exist N € [M] and iy < k such that
S?(N) C 3'1‘0.

Proof. Define

Ai=SLeN:M[|JF(L)|€eFiy, fori<k
j=1

Evidently, A; is closed in [N] and therefore Ramsey, for all i < k. Of course, by our
assumption, we have that

k
N =] A
i=1
We may now choose P € [N] and ig < k such that [P] C A;,. Let N = M(P), and
clearly SP(N) C §iy- O

Proof of Theorem [2.13. By induction on n. The case n = 1 has been settled in
Theorem [2.11} So assume n > 2. Choose B a countable dense subset of A. Clearly,
B satisfies the same assumptions as A does in the hypothesis of Theorem 2.13]
Therefore, without loss of generality, we shall assume that A itself is countable.
Let (ar) be an enumeration of the elements of A. We claim that there exist:
1. A sequence (G}) of elements of §F such that Gy C suppay and |ag|(Gk) > 6,
for all k£ € N.
2. A decreasing sequence (My) of infinite subsets of M such that supp ar < My
and Gy UF € §, for all F € S{™'(My), and all k € N,

Indeed, suppose that G1,--+- ,Gr—1 and My D --- DO Mj_; satisfying 1 and 2
have been constructed. Let G € § such that G C supp ay and |ag|(G) > 6. Define

Sc={FeF:G<Fand GUF €F}.

Let A = U, Sa, where the union is taken over all possible subsets G of supp ay
which belong to § and satisfy the relation |ax|(G) > 6. Of course, A is hereditary
and the hypothesis of Theorem is satisfied for the family A, the integer n — 1
and the set of measures {a; : ar < a;}. By the induction hypothesis there exists,
for all K € N, N € [My—_1] such that suppa; < Nj and S?_l(Nk) C A. Next
choose according to Lemma R4, Gj, € § and My, € [Ni] such that Gy C supp ag,
lax|(Gr) > 0 and S?il(Mk) C Fc,.- It follows now that Gy U F € §, for all
F e S?il(M 1). This completes the inductive construction and our claim holds.
Now let F' be a finite subset of N and set

kr :min{kGN:FCGk}.

We let krp = 0, if F is not contained in Gy, for all £ € N. Inductively we construct
a sequence of positive integers, m; < msy < ---, in the following manner: Suppose
that m; < -+ < mg and ¢; < --- < g4—1 have been constructed. (m; is chosen
arbitrarily in M7 and gy = 0.) We set

qq = max{kp Fc{m, - ,md}} V qg_1-
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Next choose mgy1 € Mg,4+1 such that mgi1 > mg and mg4q > mg‘ﬂl, where

M; = (m})52,, for all i € N. Let P = (m;). We now claim that if F C P is
contained in Gy, for some k € N, then FUH € F, for all H € Sgil(P) such that
F < H. Indeed, let mg = max F'. Then kr < ¢4 and F' C Gi,.. It suffices to show
that H € Sgil(MkF) for all H € S?il(P) such that F' < H. Our claim will then
follow by condition 2 above. To this end, let H € S?il(P), such that F < H.
Suppose that H = {my,,--+,m;, }, where {i1, < --- <,i:} belongs to Sgn_l. Now,
for all » < t,

m;, > Mmg+1 and thus i, > d + 1.
So,
mi, >miT > mit > miT as kp < qq.

Hence, H € Sgil(Mk ~), as claimed. Finally, consider the hereditary family

oo
D= J{F:FcaGi}
k=1
Clearly, the hypothesis of Theorem B-TTlis satisfied for © and the set of measures
{ar|Gy : k € N}. We can thus find N € [P] such that S¢(N) C ®. It is now easily
verified that S¢(N) C §. O

Our next proposition will enable us to verify that the set of measures
Ae = {¢f:neN L eN]}
is (¢,N) large, for all £ < ws.

Proposition 2.15. For every M € [N], € > 0, and all ordinals { < £ < wq, there
exists N € [M] (depending on M, ¢, ¢, &) such that ||EL||¢ < €, for all L € [N] and
n € N.

Proof. Tt suffices to show the following;:

Claim. Let £ < wy. For all ( < &, ¢ > 0 and M € [N], there exists L € [M] such
that [|&f]|¢ <e.

Indeed, assuming our claim holds, we observe that the set {L € [M] : ||¢£]¢ < €},
is closed in [M] and therefore Ramsey. Our claim now yields the existence of
N € [M] such that [|¢L]|¢ < €, for every L € [N]. By stability, we obtain the
assertion of the proposition.

We shall prove our claim by transfinite induction on £. If € = 1, then ¢ = 0 and
the claim is easily verified. Assuming our claim holds for all ordinals smaller than
&, first let € be a limit ordinal. Let (&, + 1) be the sequence of ordinals associated
to &. Suppose that ¢ < £ and choose m € M so that

¢ <&y and ) <<
m

2
We apply the induction hypothesis on the ordinal &, and the set Ly = {i € M :
1> m} to obtain Lo, -« , L,,, infinite subsets of Ly such that

[fm]lLl < [fm]1L2 << [fm]le and H[gm]1L7

€
<<—2 , for 2 <i<m.
m
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By stability property Py, there exists N € [M] with min N = m and such that

[EnlY = [En]L?, for i < m.

Now,
1 m
[m +10 = —> len] =&
i=1
Hence,
1 m—1
Me < = <e
lede < — + B e <e

So our claim holds if ¢ is a limit ordinal.

Suppose now that &€ = a+ 1. If { < «a, choose according to the induction
hypothesis L; € [M] such that ||af'|c < e. Let m = minsuppal’ and choose
again by the induction hypothesis, Lo, - - - , L., infinite subsets of M such that

L L Lm L;
oyt <oay? << o™ and |og

¢ <e for2<i<m.

But once again, by stability, there exists N € [M] with min N = m and such that

L. .
al¥ =ali, fori <m.

Now, &V = % S o, and thus, [V < e
The final case to consider is when ¢ = a.. Let (5; +1) be the sequence of ordinals
associated to a. Choose m € M such that L < £. Set Ly ={ne M :n>m}. It

follows that
[Bm + 1]1L1 = alLl-
Let k1 = maxsupp a{“ . Choose according to the induction hypothesis Ly € [M]
with k1 < min L9 and such that
€

L
Ha12||ﬁj < 2](31’

for all j < k.

Let k2 = maxsupp a{“ 2. Successive repetitions of the previous argument yield
ol <ok <o < afm owith Ly € [M] for i < m,

such that if k; = max supp alL"’ for i < m, then

||041Li 3, < Tél, forall j < k; 1 and 2 <7 <m.
i

Stability now guarantees the existence of L € [M] with min L = m and such that

ol = ol foralli <m.

Now, ¢f'= L 3" ol and it remains to show that [|¢f||o < €. Indeed, let G € Sq
and choose ig < m minimal with respect to G N supp oziLO # (. Let | = minG and
observe that [ < k;,. Choose p < I such that G' € Sg, 1. There exist ¢ < [ and
(G)j=, consecutive members of Sp, such that G = U?:l G;. Note that

q<1<kiandalsop <Il<k,.
Thus,

€ _ )
||0%L||Bp < BV for ig < i < m.
io
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Therefore,

ol (G) < qllaF|s, < kioi = E, for ip < i < m.

g 2%, 2

Hence,

L G o 1 L G ¢ L G 1 €

& ( )*E e ( )+‘Z o (G) <_—tg5<e

1=10+1

and so [|€F]| < €. The proof of the claim is now complete. O

We next recall the concept of the (n,&, M, ) large families [A-M-TJ, [A-F].

Definition 2.16. Let M € [N], £ < wq, 6 > 0 and n € N. The hereditary family
§ is called (n, &, M, 6) large provided that for all N € [M] there exists F' € § such
that ¢V (F) > 4, for all i < n.

Corollary 2.17. Let § be (n,&,M,0) large. There exists N € [M] such that
S¢(N) C 3.

Proof. Proposition .15 and the fact that § is (n,§, M, §) large, immediately yield
that § and A satisfy the hypothesis of Theorem 2213l The assertion of the corollary
now follows. O

3. A GENERALIZATION OF ELTON’S THEOREM

In the first part of this section we give the proof of Theorem which extends
Elton’s nearly unconditional theorem [E|, [O1]. The second part of section B is
devoted to the proofs of the results concerning the summability methods (Theo-
rem [[7), the convex unconditionality (Theorem [[.I0) and the S¢ unconditionality
(Theorem [[TTl). We also discuss the duality between cg and lf spreading models
(Theorem [[T2) as well as the & Dunford-Pettis property (Corollary [LT3]).

Let s = (x,,) be a weakly null sequence in the Banach space X. Recall here that
s is additionally assumed to be a normalized, bimonotone, Schauder basic sequence.
For this fixed sequence s and the countable ordinal £, we have the following:

Definition 3.1. Let M € [N], A > 0 and k¥ € N. The functional z* € Bx- is said
to be &-good for (A, M, k), if z*(¢M - 5) > 0, for all i < k, and Zle o*(EM . 5) > A

The main tool for proving Theorem [[[Y is the following combinatorial result.

Lemma 3.2. Let ¢ > 0, A > 0 and N € [N]. There exists M € [N] satisfying the
following property: If L € [M], k € N and there exists x* € Bx+ which is £-good
for (A, L, k), then there exists y* € Bx~ which is §-good for (A, L, k) and such that

> ly" ()] < e.

neM\UJE_, supp &l

Proof. First choose ()2, a sequence of positive scalars such that > > € < e.
Let To = 0 and T,, = {1,---,n}, if n € N. By an n-tuple of positive integers
(m;)ier, , we shall either mean the empty tuple, if n = 0, or, that my < -+ < my,
if n > 1. Now let n € NU{0} and F' C T,,. The n-tuple (m;);er, and the infinite
subset L of N, (L = (l;)), are said to satisfy property (F — E,), provided that
my <1y, if n > 1, and the following statement holds:
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If k € N, and there exists 2* € Bx- which is {-good for (A, {m; : j € T,\F}U{l; :
j > 2}, k), then there exists y* € Bx- which is &-good for (A, {m; : j € T, \F}U{l; :
j > 2}, k) and such that

n

Doy @m )+ Ly (2l < Y e

jeF i=0

Let us also say that (m;);er, and L satisfy property (E,,), if they satisfy property
(F — E), for every F' C T,.

We shall inductively construct an increasing sequence (my,)2; of elements of
N and a decreasing sequence (M), of infinite subsets of N with m,, € M,,_1,
if n > 1, so that for every n € NU {0}, if L € [M,,], then (m;);er, and L satisfy
property (Ey).

The first inductive step is similar to the general one and therefore we shall not
discuss it. Assume that (m;);er, and My D -+ D M,, infinite subsets of N, with
m; € M;_; for 1 <i < n have been constructed so that if i < n and L € [M;], then
(mj)jer, and L satisfy property (E;). Let my,41 = minM,. Fix F C T,41 and
define

Ap = {L € [Af\fn]7 L= (lz) : (mi)ieTnH and L satisfy (F - En+1)}.

Clearly, Ap is closed in [M,] and therefore Ramsey. Suppose that for some P €
[M,], P = (p;), we had that [P]N Ar = 0. Let ¢ € N and set

L ={pj}U{pi:i>q}, foralj<g.

Since Lj ¢ Ap, for all j < g, there exist integers (k;)7_; and functionals (2})j_,
in Bx~ so that letting R = {m; : ¢ € Tp,41 \ F'} U{p; : ¢ > ¢}, we have that for all
j < g, x¥is & -good for (A, R, k;); moreover, if y* € Bx+ is &-good for (A, R, k;j),

J
then

n+1
Doy @m) |+ [y (2p,) 2 Y .
i€EF =0

Next choose jo < g such that k;, = min{k; : j < g}. We observe that if y* is £&-good
for (A, R, kj,) and y*(z;) = 0, for all ¢ > maxsupp §,};‘,0, then y* is also &-good for
(A, R, kj), for every j < g.

Now let t = max F' and note that

R:{mi:iETt,l\F}U{mi:t<z’§n+1}u{pi:i>q}.

By the induction hypothesis, since (m;)ier, , and {m; : t <i <n+1}U{p;: i > ¢}
satisfy property (E;—1), there exists z* € Bx- &-good for (A, R, kj,) and such that

t—1
S 1 @m)l + 12 (@m,)] < Y€
i€ F\{t} i=0

Thus,

n

i€l =0
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Without loss of generality, since (z;) is bimonotone, we can assume that z*(z;) = 0,
for all ¢ > maxsupp f,ljjo. Our previous observation yields that z* is &-good for

(A, R, k;), for all j < g, and thus,

n+1
Z |2% (2, )| + 2" (2p, )| > ZE“ for all j < gq.
icF i=0

Hence, |2*(xp, )| > €ny1, for all j < g. We have reached a contradiction since (x;)
is weakly null and ¢ € N was arbitrary. Concluding, there exists L € [M,] such
that [L] C Ap. By repeating the previous argument successively over all possible
subsets of T},4+1, we obtain M, 11 € [M,] such that [M,,41] C Ap, for all F' C T, 4.
This completes the inductive construction. Set M = (m;). Let L € [M] and k € N
and suppose that there exists * € Bx+ which is £&-good for (A, L, k). Now let
my, = maxsupp&F and F = {z <n:m; ¢ U§:1 supp EJL} Our construction yields
that (m;)ier, and {m; : i > n + 1} satisty (F — E,). We also have, by stability,
that

¢ =¢t, forall j <k,

where R,, = {m; : i € T, \ F}U{m; : i > n+1}, and therefore there exists y* € Bx-
which is &-good for (A, L, k) and such that

n
Syt Em ) <Y e <e.
=0

icF
But (x;) is bimonotone and thus we can assume that y*(z;) = 0 for all i > m,,.
Hence, ZieM\U;?:l supp £ ly*(zi)] < €, as desired. O

Proof of Theorem [LA Let 6 > 0. Our goal is to find M € [N] and a constant
C(6) > 0 such that if L € [M], n € N, and (a;)"_; are scalars in [—1, 1], then

=1
Zai(fz‘L ) Zai(ff - 8) },
ieF i=1

forall F' C {i <mn: |a;| > 0}. If this is accomplished, then a simple diagonalization
argument yields M € [N] which works for all 6 > 0. We let A\, = 1 + %, for all
k € NU{0}. Inductively we construct a decreasing sequence (M})32, of infinite
subsets of N such that for all k£ € NU {0}, M}, satisfies the conclusion of Lemma
for “N” = A\ and “¢” = §. Next choose m; < mo < --- so that m; € M, for all
i € N. Let M = (m;). We shall show that M is desired. To this end, let L € [M]
and scalars (a;)?; in [-1,1]. Let F C {1,--- ,n} such that |a;| > J, for all ¢ € F".
Choose k € NU {0} so that

< C(6) max{a,

n
E<|D aigf-s)| <k+1
i=1
and set F, = {i € F : i > k}. We claim that
Z ai(ff-s) §4>\k

i€ FYy,
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Assume this is not the case and choose x* € Bx~ such that

‘Zax EL >4)\k

i€ Fy
We can further choose G, C F} such that

>

i€Gy

> )\k7

the scalars (a;)icq, are all of the same sign, and, 2*(¢F - s) > 0, for all i € Gy, (by
replacing z* by —z*, if necessary). Observe that supp ff C My, when k < i < n,
and thus by stability, there exists y* € Bx» such that

y* (& - s) >0, forallie Gy,

Z y* (& - 5) > A and Z ly*(zi)| < 0.

1€Gy i€Mi\Ujeq, supp £F

But now,

S) 2 Z a/iy*(fz

1€EGyg

Yo ks

i€{k, - ,n}\G
> Z laily* (&) - s) — Z ly* ()]
i€Gr i€Mi\Ujcq, supp&r
>0, —0=Fk+1.
Thus, || >0, ai(¢F - s)|| > k + 1 and since (x,,) is bimonotone, we also have that

| >0 ai(€l - s)|| > k+1 which is a contradiction. Therefore, our claim holds and
hence

Z ay” (Et
i=k

A0+ 3), A ailgl -9l <1
12 @&l -9l < {k(5+§), ik < || ai(€ - s)| <k+1, keN.
Zai(ﬁf's)

max{ Z ai(¢F - },
i€F

where, C(6) = (5 + £). The proof of Theorem [[.9 is now complete. O

ieF
Concluding,

Remark. A refinement of the proof of Lemma B:2] yields that given § > 0 and
e > 0, there exists M € [N] satisfying the following property: If L € [M], k € N
and there exists * € Bx~ which is £-good for (A, L, k), then there exists y* € Bx-
with y*(ff -8) > 0 for i < k and such that

k k
Dv(Eh ) > (-0 a7l - 5) and
k
Yoo <X yiE )
i=1

”EM\Uiﬂ:l supp E7L

This property in turn implies that the constant C'(§), found in the proof of Theorem
[[Y, is actually proportional to %
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Elton’s aforementioned theorem follows immediately if we let £ = 0 in the state-
ment of Theorem [LY. As a corollary to Elton’s theorem one obtains the following
dichotomy [E], [O1]:

Corollary 3.3. A normalized weakly null sequence (x,,) in a Banach space, either
has a subsequence equivalent to the unit vector basis of cg, or, a Schauder basic
subsequence (&, ) which is semi-boundedly complete. If the latter alternative oc-
curs, then the sequence of the biorthogonal functionals to (x.,, ), converges weakly
to zero in the dual of the closed linear span of ().

Our next result is the dual version of Lemma[3.2]

Lemma 3.4. Let s = (z,) be a weakly null sequence in the Banach space X and
& <wi. Givene>0,0 >0, N €|N], there exists M € [N] satisfying the following
property: If k € N, L € [M], and there exists x* € Bx- so that x*(¢£ - s) > 8, for
all n < k, then there exists y* € Bx~ so that y* (€L -s) > 8, for all n < k, and,

> ly" ()] <e.

nEM\Uf:1 supp §1L

Proof. The proof is similar to that of Lemmal3.2. Let us now say that the functional
x* € By~ is good for (8, L, k), if z*(¢ - s) > 6, for all n < k. Next choose (€;)2,,
a sequence of positive scalars such that > - €; < e. Using the same notation and
terminology as in Lemma B2 let n € NU {0} and F C T;,. The n-tuple (m;);er,
and the infinite subset L of N, (L = (I;)), are said to satisfy property (F — E}),
provided that m,, <lj, if n > 1, and the following statement holds:

If k € N, and there exists ¢* € Bx~ which is good for (A, {m; : j € T, \ F}U{l; :
j > 2}, k), then there exists y* € Bx« which is good for (A, {m; : j € T, \ F}U{l;:
j > 2}, k) and such that

n
Sy )|+ Iy ) < 3 e
jEF i=0
Let us also say that (m;);er, and L satisfy property (E}), if they satisfy property
(F — E}), for every F' C T,

We shall inductively construct an increasing sequence (my,)52; of elements of
N, and a decreasing sequence (M,,)22, of infinite subsets of N with m,, € M,,_1,
if n > 1, so that for every n € NU {0}, if L € [M,,], then (m;);er, and L satisfy
property (E}).

The first inductive step is similar to the general one and therefore we shall not
discuss it. Assume that (m;);er, and My D -+ D M,, infinite subsets of N, with
m; € M;_; for 1 <i < n have been constructed so that if i < n and L € [M;], then
(mj)jer, and L satisfy property (E;). Let my,41 = minM,. Fix F C T,41 and
define

Ap = {L c [Mn], L= (lz), (mi)ieTnH and L satisfy (F — E;Jrl)}.

Clearly, Ap is closed in [M,] and therefore Ramsey. Arguing as we did in the
proof of Lemma B2, we obtain M, 11 € [M,] such that [M, 1] C Ap, for every
F C T, 41. Indeed, we need only modify the definition of kj, in the argument of
Lemma We alternatively set kj, = max{k; : j < ¢} and observe that if y*
is good for (4, R, kj,), then y* is also good for (4, R, k;), for every j < ¢q. The
argument of Lemma is now carried over unaltered yielding the proof of Lemma

B4 O
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In the proof of the Schreier unconditionality theorem [M-R], [O2], we shall make
use of the following:

Lemma 3.5. Let (z,,) be a weakly null sequence in the Banach space X. Let e > 0,
d > 0 and k € N. There exists Q € [N], Q = (¢n), such that for every ©* € Bx-~
and F € [N|* there exists y* € Bx~ satisfying

Z |J)*(l‘q1) - y*(xqq)l <0 and Z |y*(xq7)

icF i¢F

< €.

Proof. Once again, the proof is much similar to that of Lemma First choose
(€:)52, a sequence of positive scalars such that > °° ¢ < e. Let X= (A M)
be an element of [—1,1]¥. We shall say that the functional 2* € By~ is A-good
for L, where L = (I;) is an infinite subset of N, if Zle |x*(x1;) — Ai] < 6. Using
the same notation and terminology as in Lemma B2, let n € NU {0} and F C T,,.
The n-tuple (m;);er, and the infinite subset L of N, (L = (I;)), are said to satisfy
property (F' — O,), provided that m,, < I, if n > 1, and the following statement
holds:

If there exists z* € Bx. which is A- good for {m; :j e T, \F}U{l; :j > 2},
then there exists y* € Bx- which is A-good for {m; : j € T, \ F}U{l; : j > 2} and
such that

n
Z |y*(xm;)| + |y*(xll)| < 261'
jEF i=0

Let us also say that (m;);er, and L satisfy property (O,,), if they satisfy property
(F —Oy,), for every F C T,,. We shall inductively construct an increasing sequence
(mp)22, of elements of N, and a decreasing sequence (M,,)22, of infinite subsets
of N with m,, € M,,_1, if n > 1, so that for every n € NU {0}, if L € [M,], then
(m;)ier, and L satisfy property (Oy,).

The first inductive step is similar to the general one and therefore we shall not
discuss it. Assume that (m;)er, and My D -+ D M, infinite subsets of N, with
m; € M;_q for 1 < i < n have been constructed so that if i <n and L € [M;], then
(mj)jer, and L satisfy property (O;). Let my,11 = minM,. Fix F' C T,,41 and
define

AF = {L c [Mn],L = (li),i (mi)ieTn+1 and L satisfy (F — On+1)}.

Clearly, Ap is closed in [M,,] and therefore Ramsey. Arguing as we did in the
proofs of Lemmas and B4l we obtain M, 11 € [M,] such that [M,1] C Ap,
for every F' C T}, +1. The inductive construction is now complete and we set M =
(m;). Tt follows, by our construction, that if F € [N]* and z* € By- is A-good
for {m; : j € F} U{m; : j > maxF'}, then there exists y* € Bx- X—good for
{m; :j € F}U{m; :j > maxF} and such that 3 o p [y*(zm,)| < €. Let us then
say that M works for X Finally, let £ be a finite d-net in [—1,1]¥, and choose
Q@ € [N] which works for every XeE. Ttis easily verified that @ is desired. O

Lemma [34] provides an alternative proof of the fact that every normalized weakly
null sequence admits a convexly unconditional subsequence.

Proof of Theorem [LI0. Let § > 0. It suffices to find M € [N], M = (m;), so that if
F € [N]<* and ()i )icr are scalars satisfying || D ;c p Miwm, || > 6 and 37, g [Ag| < 1,
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then || 221 @i, || > g—;, for all choices of scalars (a;)$2, C coo with max; |a;| <1
and such that |a;| = |\, for all ¢ € F. Once this is accomplished, a simple
diagonalization argument yields M € [N] which works for all 6 > 0. To this end,
let M = (m;) be the infinite subset of N resulting from Lemma [3.4] applied on the

sequence (z,) for £ =0, “0"= % and “€’= g—;. Now let F' € [N]<> and (\;)ier be

scalars such that || ;. p Aim, || > 0 and >, [N < 1. Choose z* € Bx- such
that | >,cp \iz™ (xm, )| > 0 and set
3
> — 5.
-2
5

Clearly, | ;cq Xiz™(xm,)| > 5. Next, let (a;)2; C coo with max;|a;| < 1 and
la;| = |\, for all i € F. By splitting G into four sets in the obvious manner, we

find H C G such that

G= {z € F:lz*(zm,)

| >

)

Z iz (:cm)‘ >
icH

the scalars (\;);em are all of the same sign, and, 2*(2,,,) > $ for all ¢ € H, (by
replacing «* by —a*, if necessary). Now choose y* € Bx~ with y*(z,,) > g, for all
i € H, and such that > .. [y (zm,)| < g—;. It follows that

Z A;Tm,; || = Z aiy* (xmL) - Z |y*(xmL)
i—1 icH igH
5 6 6

i€H

O

Corollary 3.6. For a normalized weakly null sequence s = (z,,) and £ < w1, the
following are equivalent:

1. There exists M € [N], M = (m;), so that (z,,,) is an 15 spreading model.
2. There exist N € [N] and 6 > 0 such that S¢(N) C §s(s).

Proof. Suppose first that 1 holds and let C' > 0 such that

Z )\ixmi

i€F

> CZ |Ai] for all FF € S¢, and scalars (\;)icr.
=

Let t denote the sequence (y;), where y; = ,,,, for all i € N. Then, |¢£ -t > C,
for all L € [N]. It follows that for § = %, the hereditary family

{F € [N]=: M(F) € §5(s)},

is (1,¢,N,6) large. Corollary ZIZ now yields N € [M] so that S¢(N) C §s(s) and
thus 2 holds.

Conversely, assume that 2 holds and choose M = (m;) € [N] as in the proof
of Theorem [T, applied on the sequence (xy,)nen for “6”= %. Let F' € S¢ and

scalars (\;)ier such that ), [N;| = 1. We claim that || Y ;cp Aizm, || > 5‘%,
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which evidently yields 1. Indeed, by our assumption, there exists * € Bx« such
that |z*(zm,)| > 0, for all ¢ € F. Next choose G C F such that

1

Al = -,

i;l |27

the scalars (););eq are all of the same sign, and, x*(z,,,) > 9, for all ¢ € G, (by re-
placing 2* by — 2™ if necessary). Therefore, || Y ;.o Aim; || > | D ;cq Miv™ (vm,)| >
¢, and hence applying Theorem[[I0lwe obtain that || 3, p M@, || > 25(8)% = 5

. = 32\1 5127
as claimed.

Proof of Theorem [1.71 Assume that 2 does not hold. Let M € [N] and € > 0. It is
easily seen that the set

i€EF

Ac={L e [M]:|l&f - sll < e}

where s = (z,), is closed in [M] and therefore Ramsey. If it were the case that
[P]NAc = 0, for some P € [M], then the family §<(s) would be (1,¢, P, §) large,

<
and hence, by Corollaries and [3:6] (z,,)ner would in turn be an €§ spreading
model, for some L € [P] contradicting our assumption. It follows now that we can
construct (M,,), a decreasing sequence of infinite subsets of N, such that for all

n €N,
1
lF - s|| < =, for all L € [M,].
n

Now let N be any infinite subset of M almost contained in each M, and it is easy
to verify that (z,) is (L, &) convergent, for all L € [N].

In order to show that 1 and 2 are mutually exclusive, assume that (z,,,) is an
ﬁ spreading model with constant C'. Let 0 < e < HLC We can choose N € [M] so
that

F\{min F} € S¢(M), forall F' € S¢[N], (by Lemma Z4),
I€Fo <€, forall L €[N], (by Proposition2I3).
It follows now that for every L € [N],
|€E . 5| >C - (14+C)e>0, forallneN,
and thus (z,,) is not (L, ) convergent. Hence 1 does not hold. O

An immediate consequence of Theorem [[7is Corollary LR

Proof of Corollary[1.8 Suppose that s = (z,,) is an €§ spreading model with con-
stant C. It follows that [|¢£ . s|| > C, for all n € N and L € [N]. Next, choose
according to Theorem [[.7] N € [N] so that (z,) is (L,& + 1) convergent, for every
L € [N]. Evidently, (¢£ - s) is Cesaro summable for all L € [N]. O

We continue our applications of Theorem [LT0l with the following.

Proof of Theorem [I.11l Let C be the €§ spreading model constant of (z,). Let
M € [N], M = (m;) satisfying the conclusion of Theorem for the sequence
(z,,) and “6”= &. We claim that (z,,,) is S¢ unconditional. Indeed, let n € N and
scalars (a;)j—, be given. Let F' C {1,--- ,n}, F € S, such that || >, p aizpm, | = 1.
It follows that C'Y",cp |ai| < 1 and || 3,cp Caizm, || > . If there exists j < n so
that Cla;| > 1, then, since (z,,) is bimonotone, we obtain that || Y71 iz, || > &-
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So assuming that C|a;| < 1, for all ¢ < n, we obtain through Theorem [IT0 that
[ Sor) @im, || > 7. Hence,

128
Z AiTm; Z QiTm; ||
i€F
for every F' € S¢ and all choices of scalars (ai)i:r O

We also obtain the result on Schreier unconditionality [M-R], [O2].

Corollary 3.7. Let (z,,) be a normalized weakly null sequence in X and e > 0.
There exists a subsequence (Tpm;) of (xzn) which is 2+ € Sy unconditional.

Proof. First choose § > 0 such that (1 + 0)(2 + 60) < 2+ e. By passing to a
subsequence, if necessary, we can assume that (z,) is Schauder basic with basis
constant 1 + 6. We first show that for every & € N and N € [N], there exists
L € [N], L = (l;) so that

?

E a; Ty,

i€EF

<(1+0)

o0
E ;T
=1

for every I € [N]* and all choices of scalars (a;) in cgo. Indeed, apply Lemma 35l to
the sequence (mn)neN to obtain L € [N], L = (I;), satisfying the conclusion of that
lemma for k, “0”= %, and “¢’= 9. Now let (a;) C coo such that || Yoo, a; =1.
Let F € [N]* and choose x* e BX* such that

Z a;xy, || = Z a;x*(xy;)
ieF i€eF
Then choose y* € Bx~ such that

0
Z|£L‘ (z1,) — y* (a1,) <5 and Z|y*($z) <

el i¢F

We now have the estimate

o e

= Zaiﬂﬁli > Zaiy*(l‘li)
i=1 i=1

> Zaﬂ?*(ﬂ?l)

= aall* (z1,) = v ()| = Y laally* (z1,))]

iCF iCF igF
0

E a; Ty, - 36’

i€F

and thus, || Y,cpairy, || < (14 0)] Y2, asxy, ||, as desired. We can now choose a
decreasing sequence (Mj) of infinite subsets of N such that for every k € N,

‘ E AmTm E amme

meF meM;,

<a+0)

for all F € [M)’ and j < k, and all choices of scalars (a,,)menr, C coo. Finally,
choose my < mg < --+ with m; € M;, for all i € N, and set M = (m;). It is easily
verified that the subsequence (z,,,) is 2 + € S1 unconditional. O

The final results of this section concern the duality between co¢ and €§ spreading
models. We first recall the following:
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Definition 3.8. A sequence (x,,) in a Banach space is called a cy® spreading model,
1 <€ < wy, if there exists a constant C' > 0 such that

E ;T

i€EF

< C'max|a;/,
ik

for every F' € S¢ and all choices of scalars (a;)icr.

Proof of Theorem [[.I2. Once again, we assume that our sequence () is bimono-
tone. We can also assume, without loss of generality, that

PIILACHIES

i=1 j#£i

Furthermore, we shall assume that (z,,) satisfies the conclusion of Theorem [L.9] for
&€ =0and M = N. That is, for all § > 0 there exists a constant C'(6) > 0 such that
for every n € N and all scalars (a;)_; in [-1,1],if FF C {1,--- ,n} and |a;| > § for
all ¢ € F', then

< C(9)

n
g ;T E Q;Tq
ieF i=1

Assume first that 2 holds and choose L € [M], L = (I;), and C > 0 so that

g a; Ty,

i€EF

< C'max|a;/,
ik

for every F' € S¢ and all choices of scalars (a;)ier. We claim that (27 [Xas) is an I
spreading model. Indeed, let F' € S¢ and scalars (a;)]; be given. For each i € F,
let €; be the sign of a;z;] (z1,). Of course, || ;. p €y, || < C. Therefore,

)
ZGMHXMH >

C Zaix;;(z ejw1;)
i€EF ieEF jJEF
> Z |aillz], (z1,)] = Z |ail Z |27, (1)
i€l ieF j#i
€
= Z |ai]
1€EF

and thus 1 holds.
Conversely, assume that 1 holds. Choose, according to Corollary B, L € [M],
L = (I;) and § > 0 such that

Se(L) c {F € N]<>: Jz** € Bx:» with |[&** (x| X)) = 0, Vn € F}.
It follows that

Se(L) C {F € [N]**: 3z € By,, with |z} (x)] > g, Vn € F}.

Tm, (@) )fmi)7 where M —

*

(m;), is series bounded. Indeed, let = >..°, c;z;m, € Bx,, and note that by

We now claim that for every x € X, the sequence (
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monotonicity we have that |¢;| < 1, for all ¢ € N. Then, for all k¥ € N,
k
CiTm, iy, (Tm;) | Tm,
<[ | |5 ot (S
3
<ol + 3L S b Gomy )l < 2

=1 J#
i=1 j;éz

k “ (2)

Z Ly, T
Tk

=1 Tmi (xmq

and our claim holds. Now let I € S¢ and choose = € Bx,, such that [z} (z)| > g,
:CTI(:(CT))‘ > %, for all i« € F, our initial assumptions on the

sequence (x,) yield that

i, (@)
D

ier Tl (1)

<o(3)

5, ()

3

mi
i=1

@i (@) for i € F, we have that

zf (96 )’
<30(3)
and % < |bf | < %, for all i € F and F' € S¢. A standard argument now shows that

6 (6
> aiy, || < —C(§> max ai,

i€F
for all F' € S¢ and scalars (a;);er. Hence, 1 implies 2. O

where m,, = lax p. Thus, letting bf =

Z bFJ?l

i€EF

Definition 3.9. The Banach space X satisfies the £ Dunford-Pettis property (&-
DP), 1 < & < wy, if for every pair of weakly null sequences (z,,) and (z}) in X and
X* respectively, with (z¥) &-convergent, we have that lim,, a7 (z,) = 0.

X is said to be hereditarily £&-DP, if every subspace of X satisfies the £&-DP.

Proof of Corollary[L 13 Assume first that 1 holds. Let Y be a subspace of X
and consider the normalized weakly null sequences (z,,) and (z}) in ¥ and Y*
respectively, with (x7) &-convergent. Suppose that for some € > 0 and M = (m;) €

[N], it was the case that z;, (zm,;) > ¢, for all i € N. It follows that condition 2 of
Theorem is satisfied and therefore (z}, ) admits a subsequence which is an £§
spreading model in Y*. This contradicts with Theorem [7] as (7)) is {-convergent.
Hence, Y satisfies the £&-DP and 2 holds.

Conversely, assume that 2 holds. Let (x,) be a normalized weakly null sequence
in X admitting no subsequence which is a cg spreading model. In particular, no
subsequence of (z,,) is equivalent to the unit vector basis of ¢g, and thus by Corollary
there exists M = (m;) € [N] such that the sequence (z;,.|Xas) is weakly null in
X3 (welet (z)) denote the sequence of the biorthogonal functionals of (z,,)). Our
assumption further yields that condition 2 of Theorem [[LT2] fails for the space Xps
and the weakly null sequences (z,,,) and (z}, )| X in X and Xj; respectively.
Thus condition 1 fails as well and so there exists P = (p;) € [M] so that = |[Xp
is -convergent in X} according to Theorem [l But Xp is &-DP and thus, 1 =
lim; z, (p,) = 0, which is absurd. O



UNCONDITIONAL STRUCTURES OF WEAKLY NULL SEQUENCES 2045

Remark. Corollary [L13] can be viewed as a partial generalization of Cembranos
theorem [C], [K-O], that a Banach space X is hereditarily Dunford-Pettis if, and
only if, every normalized weakly null sequence in X admits a subsequence equivalent
to the unit vector basis of cg.

4. BOUNDEDLY CONVEXLY COMPLETE SEQUENCES

This section is devoted to the proof of Theorem which immediately yields
Theorem[T4l Our interest is concentrated in weakly null sequences without bound-
edly convexly complete subsequences. In the next series of lemmas, we describe
their structure. We remark here that for the Schreier spaces X¢, £ < w, described
in Section [I], it can be shown that they contain no boundedly convexly complete
sequences. However, an example of a weakly null sequence (y,,) in X, is given in
[A-QOl, such that no convex block subsequence of (y,,) satisfies the weak Banach-Saks
property. It turns out that some subsequence of (y, ), is boundedly convexly com-
plete. We also mention that examples of boundedly convexly complete sequences
can be constructed in C(w*), the Banach space of functions continuous on the
ordinal interval [1,w*] endowed by the order topology.

In the sequel, s = (z,) will denote a normalized, bimonotone weakly null se-
quence in the Banach space X. We shall assume, without loss of generality, that s
satisfies the conclusion of Theorem for M = N and £ = 0. That is, for every
§ > 0, there exists C'(6) > 0 such that if (a;)!"; are scalars in [—1,1], n € N, and
F c{1,---,n} with |a;| > 0, for all i € F, then || 3, p asas]| < C(6)]| Yor; aqail|.

Notation. 1. Givent = (y;), a sequence in a Banach space and a = (a;), a scalar
sequence, we let a - ¢ denote the sequence (a;y;).
2. If M € [N], M = (m;), we let tp;r denote the sequence (Y, )-
3. Let P = (p;) and @ = (¢;) be infinite subsets of N with P almost contained in
Q. Then ag|p = (c;) is the scalar sequence obtained in the following manner:
Set ¢; =0, if ¢; ¢ P. Then set ¢; = aj, if ¢; = p;, for some j € N.

Lemma 4.1. Assume that s = (x,) has no subsequence which is b.c.c. There
exist Mo € [N] and 09 > 0 such that for every L € [My] there exist a sequence of
scalars (am)mer, With (am@m)mer series bounded by 1, and a sequence (F;)ien of
consecutive subsets of L so that the following are satisfied for every i € N:

Z amme > do.

am >0, for allm € Fj, Z am <1, and‘
meF;

meF;

Proof. We first observe that if P = (p;) and @ = (¢;) are infinite subsets of N with
P almost contained in @, and a is a scalar sequence, then

blagp - sq) < b(a-sp), and 7(a,sp) < T(ag|p, 5Q)-
To prove the lemma, it suffices to find My € [N], 57 > 0 and 1 < K < oo,
so that for every L € [My] there exists a scalar sequence a with b(a - sy) < K
and 7(a,sy) > 6;. Once this is accomplished, then My and §p = 2‘5—11< satisfy the
conclusion of the lemma.

We now claim that there exist N € [N] and §; > 0 such that for all L € [N]
there exists a scalar sequence a with

b(a-sp) < oo, and 7(a,sp) > d1.
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If this is not the case, we construct a decreasing sequence (M;) consisting of infinite
subsets of N so that 7(a, sp,) < 1, for every scalar sequence a with b(a- s,) < oc.
Now let M € [N] be almost contained in M;, for all ¢ € N, and choose a scalar
sequence a such that

bla-sy)<oo and 7(a,sa) > 0.
It follows that
blans v - sm;) < bla-sar) < oo,
for all 7 € N and thus,
1
T(av SM) < T(aMi\Mv SMz) = ;7
for all ¢ € N, which is absurd. Therefore our claim holds.

We next claim that there exist My € [N] and K < oo so that for every L € [My],
there exists a scalar sequence a such that b(a-sy) < K and 7(a,sr) > d;. Were
this claim false, we would choose a decreasing sequence (N;) of infinite subsets
of N such that for all i € N, if 7(a, sy,) > d1, for some scalar sequence a, then
b(a-sy,) > 4. Now let T € [N] be almost contained in each N; and choose a scalar
sequence a such that

bla-sr) <oo and 7(a,sr) > 0.
It follows that
T(an, |7, sN.) = 7(a, sT) > 01,
for all 7 € N, and hence
b(a-sr) = blan,r - sn,) > 1,
for all ¢ € N which is absurd. O

Remark. If L € [My], (F;)$2, and (am)meL, are as in the conclusion of Lemma H.T]
then we shall call the sequence (Eme P mTm)ieN, a sub-convex block subsequence
of (z;) supported by L and satisfying the conclusion of Lemma [Tl

Lemma 4.2. Let s = (z,,) be a weakly null sequence having no subsequence which
is b.c.c. Let My € [N] and &9 > 0 satisfy the conclusion of Lemma [{.1] applied on
s. Assume that o < wy is a limit ordinal and denote by (ay, + 1) the sequence of
ordinals associated to . Suppose that for every n € N and every N € [My] there
exists M € [N] such that (T )menm s an lf‘"“ spreading model. Then, for every
N € [My], there exists M € [N] such that (Tm)menm is an l{ spreading model.

Proof. Let A denote the set of those sub-convex combinations of the sequence s
which are members of a (not necessarily the same) sub-convex block subsequence
of s that satisfies the conclusion of Lemma ET1

We shall apply Corollary to the sequence s and the family A4 in order to
obtain T' € [N] so that So(T) C 3%0 (s). Corollary B8l will then yield that for some

M € [T], (®m)mem is an If spreading model. To this end, it suffices to show that

for every ig € N, every € > 0 and L € [N], there exists z € A supported by L and
such that [[z|la,, < €. Suppose this is not the case and choose according to the

hypothesis P € [L] so that (s )mep is an lfioﬂ spreading model with constant
K. Without loss of generality, by Theorem [[LTT], we can assume that (z,)mep 1S
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Sa;,+1 unconditional with constant C. Next, choose by Lemma 24, @ € [P] such
that if F' € Sa, +1[Q], then F'\ {min F'} € S, +1(P).

Since s has no b.c.c. subsequence there exist, by Lemma Fl, a sequence of
scalars (aq)qeq and a sequence (F;)2, of consecutive subsets of Q with (aqzq)qe0
series bounded by 1, such that for all ¢ € N,

aqg >0, forall g€ Fj, Zaqgl and || Zaqxq||>50.
qEF; qEF;

Note that > qeF; Qqtq € A, and moreover, it is supported by L for all i € N. Thus,
there exists, for every ¢ € N,

G; C F;, G; € SOMO so that Z ag > €.
q€G;

Next choose p € N such that (p — 1)Ke > C. Choose also j € N with p < min Fj.
Then

J+p Jj+p
U GieSa,nQ andthus | Gi€Sa,1(P).
I=j+1 l=j+2
Therefore,
Z aqrq|| > K Z ag > K(p—1)e>C.
QEU{if+2 Gy qu{If+2 Gy
However,
Z aqzq|| < C Z aqzql| < C.
qGU{If_'_Q Gy g<max Gjip
This contradiction completes the proof of the lemma. [l

Lemma 4.3. Let s = (z,,) be a weakly null sequence having no subsequence which

is b.c.c. There exist M € [N], £ <wy and § > 0 so that the following are satisfied:
1. (m)menm is an £§ spreading model yet no subsequence of (T )menm 1S an £§+1
spreading model.

2. For every N € [M], there exist L € [N] and a sequence of scalars (am)men

With (amTm)men series bounded by 1 so that for all i € N

am >0, for allm € Ff(L), Z am <1 and H Z amme > 0.
meFS(L) meFS(L)
Proof. Let My € [N] and §p > 0 satisfy the conclusion of Lemma Tl applied on s.
We define
¢ =min{a < w; : 3P € [My] such that VL € [P],

(zn)ner is not an £ spreading model}.
It follows by the results in [A-A] that ¢ is well defined. Moreover, Lemma [£.2] yields
that ¢ is not a limit ordinal and thus { = £ 4 1, for some countable ordinal £&. Now
choose P € [My] so that no subsequence of (2, )nep is an £ spreading model.
Since & < (, there exists @ € [P] so that (zp)neq is an £§ spreading model and of
course no subsequence of (z,)neq is an €§+1 spreading model.
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It follows now by Corollary[3.6), that for every L € [Q], the family S¢41(L) is not
contained in § s, (s). Using Lemma[Z0 as we did in the proof of Theorem 21T} we
2

find M € [Q] and ng € N, so that

(s)

“lo

Urwes,

for all L € [M]. Tt follows now, by Lemma B.6, that every member of the family
T oo (8)[M] can be expressed as the union of at most ng consecutive S¢ sets.
2

%_ satisfy 2. Indeed, let N € [M] and

We are going to show that M and 6 = T

choose
ny <Ay, <ng <A, <---

so that for alli € N, n; € N and A,,, is a maximal S¢ subset of N. Set N1 = {n, :
i € N}. By Lemma (], there exist a sequence of scalars (a,)men, and a sequence
of consecutive subsets of Ny, (F;)$°, with (@mTm)men, series bounded by 1, so
that for every i € N

am >0, forall m e F;, Z am <1, and H Z amme > dp.
meF; meF;

We next choose, for every ¢ € N, a functional =} € Bx- such that

‘ Z ammz‘(xm)‘ > do,

meF;
and let

Gi={me F;:|z;(zn)| 2%0 .

It now follows, as G; belongs to Fs, (s)[M], that there exists, for every i € N,
2

* 60
H; C G;, H; € S¢, such that ‘m;{vamxi (xm)‘ > 2—710 =34.

By extending H; to a maximal S¢ subset of H; U Anax F;, if necessary, we can
assume without loss of generality, that H; itself is a maximal S¢ subset of N, for
all i € N. We also extend the sequence (a,)men, to a scalar sequence (am)men in
the obvious manner.

Concluding, there exist H; < Hz < --- maximal S¢ subsets of N and a scalar
sequence (Gm)menN With (@mTm)men series bounded by 1, so that for every i € N,

am >0, forall m € H;, Z am <1 and H Z AmTm,
meH;

’ > 5.
meH;

Finally, choose L € [N] such that F*(L) = H;, for all i € N, and we are done. [

Definition 4.4. Let M € [N], L € [M], n € N and § > 0. The scalar sequence
(am)menm is called E-faithful for (4, L, n), provided the following conditions hold:
1. |am| < %, for all m € M.
2. (amTm)menm is series bounded by 1.
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3. For every i < n we have that

am >0, forallme Ff(L)7 Z am <1 and H Z ammmH > 9.

meFS(L) meFS(L)

Lemma 4.5. Let s = (x,,) have no subsequence which is b.c.c. Let M € [N],
& <wy and 6 > 0 satisfy the conclusion of Lemma applied on s.

1. If £ =0, then some subsequence of (T )menm is equivalent to the unit vector
basis of cg.

2. If € > 1, then for every N € [M] there exists P € [N] so that for all L € [P]
and n € N there exists a scalar sequence (am)men which is &-faithful for
(6,L,n).

Proof. If ¢ = 0, then according to Lemmal[4.3 there exist a scalar sequence (@, )mem
and L € [M], L = (I;), so that (amZm)menr is series bounded by 1 and a,, > d, for
all m € L. Tt now follows that if * € By, then for all k € N,

k
>l )

and thus (x;,) is equivalent to the unit vector basis of cg.

Assume now that £ > 1. Let N € [M] and @ € [N]. It follows that no
subsequence of (z,, )menr is equivalent to the unit vector basis of ¢g and therefore we
obtain, by Corollary[B3l Ny € [Q] such that (z,,)men, is semi-boundedly complete.

We next choose, according to Lemmal43] a scalar sequence (@, )men, and Lo €
[No] with (@m@m)men, series bounded by 1 so that for all i € N,

20/(5)

<
)

am >0, forallme Ff(Lo), Z am <1 and H Z AmTm,
meFy (Lo)

] > 5.
meFf (Lo)

)

Since limy,en, am = 0, there exists ip € N such that |a,,| < §,

m > max Ffo (Lo). Set

for all m € Ny,

Ny ={m € Ny:m>maxF;(Lo)} and L= ] F(L).
1>10
We also extend the sequence (am)men, to a sequence (am,)men in the obvious

manner. Evidently, (am)men is &-faithful for (6, L,n), for all n € N. We next
consider the set

D={Le[N]:VneN F(am)men & -faithful for (§, L,n)}

which is of course closed in [IV] and therefore Ramsey. Our previous argument yields
the existence of P € [N] such that [P] C D. Clearly, P satisfies the conclusion of
part 2 of this lemma. O

Lemma 4.6. Let s = (x,) be a weakly null sequence and assume that (), the
sequence of functionals biorthogonal to (x,,) is weakly null in [(x,)]*. Let & < wy,
M € [N], e >0 and 6 > 0. There exists N € [M] satisfying the following property:
If L € [N], n € N and there exists a scalar sequence (Gm)men which is &-faithful
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for (8, L,n), then there exists (by)menm which is E-faithful for (6, L,n) and so that

Z |bm| < €.

meN\Ui, Ff (L)

Proof. The proof is similar to those of LemmasB2land 34l First choose a sequence
(€:)32, of positive scalars such that Y ;o €; < e. Using the same notation and
terminology as in Lemmal32 let n € NU{0} and F' C T,. The n-tuple of elements
of M (ri)ier, and the infinite subset L of M, L = (I;), are said to satisfy property
(F — A,) provided that r,, <y, if n > 1, and the following statement holds:

If k¥ € N and there exists a scalar sequence (a,)men which is &-faithful for
(0, {ri:i €T, \ F} U{l;:i > 2},k), then there exists (bm)menrs which is ¢-faithful
for (0,{ri:i €T, \ F}U{l; :i>2}, k) and such that

D lbe b <> e
=0

ieF
Let us also say that (r;);er, and L satisfy property (A4,), if they satisfy property
(F—Ay), for all F C T,.
We shall inductively construct an increasing sequence (r,)22; of elements of M
and a decreasing sequence (M,,)22, of infinite subsets of M with r, € M, _1, if
n > 1, so that if n € NU {0} and L € [M,], then (r;);cr, and L satisfy property

(An).
The first inductive step is similar to the general one and so we shall not discuss
it. Now we assume that r; < --- < r, and My D --- D M, have been constructed

with r; € M;_4, if ¢ > 1, so that if ¢ <n, and L € [M;], then (r;);er, and L satisfy
property (4;). Let r,1 = min M,, and fix F C Tj,11. We define

Ap ={L € [My]: (ri)ier,,, and L satisfy (F'— An41)}.

Clearly, Ap is closed in [M,] and therefore Ramsey. Suppose that for some P €
[M,], P = (p;), we had that [P)N Ar = (. Let ¢ € N and set

L ={pj}U{pi: i>gq}, forall j<g.

Since L; ¢ Ap, for all j < g, there exist integers (k; );1-:1 as well as scalar sequences
(a? Ymen, j < g, so that letting R = {r; : i € Tp,y1 \ F} U {p; : i > ¢} we have

that for all j < ¢,
(a2, )menr is € -faithful for (4, R, k),

and moreover, if (bm)menr is a §-faithful scalar sequence for (6, R, k;), then

n+1
Z |b7"z| + |b;Dj| > Z€i~
i€l =0

Let ko = max{k; : j < ¢} and observe that any scalar sequence (b, )men which
is ¢-faithful for (6, R, ko), is also &-faithful for (4, R, k;), for all j < ¢. Next, let
t = max F' and note that

R={ri:ieTi \F}U{ri:t<i<n+1}U{p;:i>q}.

By the induction hypothesis, since (H)f: and {r; : t<i<n+1}U{p;: i > q}
satisfy property (A:—1), there exists a scalar sequence (by,)men which is &-faithful
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for (0, R, ko) and such that

S o

i€ F\{t}

t—1
+ |b7~t| < Zei.
=0

Thus,

n

Z |bm < Zq.

ieF =0

It follows now by our previous observation, that (b,,)mens is {-faithful for (6, R, k;),
for all j < ¢ and thus,

n+1
Z [br, | + |bp, | > Zei, for all j < q.
i€F i=0

Hence, |by;| > €541, for all j <gq.

Now choose mg > pg, mo € M. Then, [z} (32,,<n,
J<q But Y, < bmnTm| <1 and g is arbitrary and so (z
in [(2;)]*, contradicting our assumption.

Concluding, there exists L € [M,,] such that [L] C Ap. By repeating the previous
argument successively over all possible subsets of T),11, we obtain M, 1 € [M,]
such that [M,,+1] C Ap, for all F C T,41. The inductive construction is now
complete. Set N = (r;). Let L € [N] and & € N. Let (am)men be a scalar
sequence which is ¢-faithful for (8, L, k). Suppose that r, = max F,f (L) and let
Gy={ieTy: r ¢ U§:1 Ff(L)}7 for all ¢ > p. Our construction yields that
(ri)iy and {r; : i > ¢}, satisfy (G4 — 4,), for all ¢ > p. We also have, by stability,
that for all ¢ > p,

bmTm)| > €nt1, for all

5.) is not weakly null

F;(L) = Fi(Ry), forall j <k

where, Ry = {r; : 1 € T, \ Gg}U{r; : i > ¢+ 1}, and therefore there exists a scalar
sequence (b)) men which is E-faithful for (0, L, k) and such that

q
Z b | < Zei <e.
i=0

i€Gy

Thus,

Z [b.] < e.

meN\UL, F§ (L), m<r,

i=1"1
Finally, let (b, )menr be any cluster point of the sequence ((b?n)meM)Pp in [—1, 1]™.
Evidently, this is the desired sequence. B O

Lemma 4.7. Let t = (y;) be a sequence in Bx, £ < w1 and p a finitely supported
probability measure on N. Assume there exist x* € Bx+ and e > 0 so that z*(p-t) >
2¢. Assume further that there exists | € N, | < supppy, such that l|ulc, < €,
for every i < I, where (¢; + 1) is the sequence of ordinals associated to . Let
E = {n € supppu : 2*(yn) > sa*(u-t)}. Then, there exists a mazimal S¢ set
containing | and contained in {I} UE.
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Proof. Assume on the contrary, that no subset of {I} U E' containing [ is a maximal
Se set. We then claim that {I} U E belongs to S¢. Indeed, suppose that {I{} U E =
{my, -+ ,my}, my =1, and choose r < k maximal with respect to {mq,--- ,my} €
Se. If r < k, then Lemma ZH yields that {m,---,m,} is a maximal S¢ set
contradicting our assumption. Thus r» = k as claimed.

There exists now ¢ < [ such that {{} UE belongs to S¢, ;1. It follows that we can
find p <1 and consecutive S¢, sets (4;)"_, so that

P
{BUE=]4;.
j=1
But now,

2 (pet) =Y pn)a () + Y pln)z" (ya)

nek nesupp p\E

<3l + 5t (1)

.
I

1
A

and thus 2*(u - t) < 2e. This contradiction completes the proof of the lemma. O

<pllu

We are now ready for the proof of the main result of this paper.

Proof of Theorem Assume that s has no subsequence which is b.c.c. Choose
M € |N], £ < w; and § > 0 satisfying the conclusion of Lemma EH applied on s.
If £ = 0, we are done since some subsequence of s is equivalent to the unit vector
basis of cg.

Assume now that £ > 1. Choose according to Corollary B3] M; € [M] so that
the sequence (z},)menr, of functionals biorthogonal to (2, )men, is weakly null in
[(£m)menr |*. Next, choose according to Lemma Z4] My € [Mi] such that

(1) F\ {min F} € S¢(M), for all F' € S¢[M,].

Let 0 < € < 1 and choose a sequence of positive scalars (e, ) such that > ° | €, < e.
Choose also A > (1 + 4¢). Lemma B2 now yields M3 € [M] such that for every
L € [Ms] and n € N, if there exists * € Bx« which is {-good for (6, L,n), then
there exists y* € Bx+, £-good for (4, L,n) and such that

(2) > v (zm)] <e.

meMs\UJ_, supp £F

We continue our choice of infinite subsets of M by choosing M, € [M3] according
to Lemma[6] Thus, for every L € [My] and n € N, if there exists a scalar sequence
(am)men, which is ¢-faithful for (8, L,n), then there exists (b )menr,, &-faithful
for (0, L,n), and such that

3) Z |bm| < €.

meMa\UP_, Ff (L)

i=1"1

Finally, choose M5 € [My] according to Lemma applied for “N” = M,. It
follows now, by (@), that for every L € [Ms] and n € N, there exists a scalar
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sequence (G, )me M, which is &-faithful for (6, L,n) and such that
(4) > || < e
meM\Up, Ff (L)

Now let @ € [Ms]. Let ((, + 1) be the sequence of ordinals associated to £. Re-
peated applications of Proposition Z.TH now yield an increasing sequence of elements
of @, (I;), and a sequence (Q;) of infinite subsets of @, so that

i <supp{*t <l <supp&;? < ---
and
il

We thus obtain, by stability, P € [Q] such that ¢ = f?i, for all ¢ € N, and
therefore,

o <€, forall o€ {(n:m<[;}U{0}andieN.

I <suppéf <lp <suppé&s < -
LIEF |o < €, forall a € {Cn:m <1;}U{0} and i€ N.

(5)

Let K be the ﬁ spreading model constant of (2., )mens. By our choice of Ma € [My],
(@) and (@) yield that

.
€ sl > & = (5 + 1)

and hence (¢F - s) is semi-normalized.

> & s

‘We now claim that
ieF

<2,

for all F € [N]<*°. Our claim of course implies that (& - s) is equivalent to the
unit vector basis of ¢y. Were our claim false, there would exist ¢ € N, integers
i1 < --- <1ig4, and y* € Bx~ such that

q
y*(fi's)ZO, for n < g, and Zy*(§i~s)>)\.

n=1

Since P € [M3], [@) yields z* € Bx~ such that

q
2 (&l - 5) >0, forn<g, Yy a*(¢] -5) > Aand

n=1

(6) > |2 (2] < €.

meMs\Uj—, supp &l

We set I ={n <q: z*(& -s) > 2¢;, }. It follows that

(7) D oat(El s) > A —2e

nel
We now fix n € I and let

1
E, = {m € suppfi D2t (zgy) > §x*(§f s)}
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Because of (@), Lemma E.7] yields the existence of a maximal S¢ subset D, of
{l;,} U E,, such that min D,, =1, . Let mo = max Dyax s and set

L:UDnU{meQ:m>mo}.
nel

Since L € [Mj5], we obtain through (), a scalar sequence (am,)men, which is &-
faithful for (0, L, |I|) and such that

(8) Z lam| < e.

mEM;;\UnE, Dy,

We recall here that for every n € I,

am >0, forall me D,, Z am <1 and H Z AmTm,
meDy

Of course, (amTm)mems, is series bounded by 1 and |a,| < g, for all m € M;.
Therefore,

)
(9) Z m > 5, for all n e I.
meDn\{lin}

Our construction yields that

(10) S amllat (@m)] < 2e.

mEMg\UnE, D,

Indeed,

Yoo lamllet@a)l < Y awl+ YD |2t (@m)l

meMs\U, cr Dn meMi\U, 1 meEMs\ My

D,
<e+ > [z (zm)], by @),

mEM3z\U;,— supp €]

in

and since P € [My], < e+e=2¢ by (@)

We also observe that

a
(11) Z lz* (21, )| <€, as l;, € M3\ U supp ¢/, for all m € I.

nel n=1
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Hence,
x*< > am$m> > > amat(ze) - > |am||2* (2m))|
m<mg meU,er Dn meMs\U,,¢; Dn
> Z Z amx™ (Tm) — 2¢, by (),
nel meD,,
>3 Y gt () - Y Jot ()| - 2
ne€l meD,\{li,, } nel

>3 Y anget(€l )~ 3e by (@D,

nel meDy\{li, }
and since D, \ {l;,} C E,,

5 x (P
> 72 7 5) =3 by @

nel
)
> Z(/\ —2¢) — 3¢, by (@).
It now follows that
1)
1> ‘ ; AT, ’ > (A =2€) = 3¢,
msmo

and thus A < %(46 + 1) contradicting the choice of A.

Hence, our claim holds and (§1-P - 8) is equivalent to the unit vector basis of ¢g.
Moreover, the equivalence constant C', depends only on K, § and e. It is now easily
seen that the set

{Pe[Ms]: (& - s) is C-equivalent to the co-basis },

is closed in [M5] and therefore Ramsey. Our previous argument yields N € [Ms] so
that (§ZQ - §) is equivalent to the unit vector basis of ¢, for all @ € [N]. The proof
of Theorem is now complete. O

Theorem [[4] follows immediately from Theorem

5. NON-TRIVIAL WEAK CAUCHY SEQUENCES

The last section is devoted to the relation between Theorems [[4 and [[.6] We
first observe the following immediate consequence of Theorem (L8]

Corollary 5.1. The following are equivalent for a non-trivial weak Cauchy se-
quence (x,,) in a Banach space:

1. There exists a subsequence of (x,,) which is (s.s.).

2. There exists a subsequence (X, ) of (x,) such that every convex block subse-
quence of (Tm, ) is semi-boundedly complete.

Proof. The fact that 1 implies 2 is immediate since (s.s.) sequences are easily seen
to be semi-boundedly complete, and every convex block subsequence of an (s.s)
sequence is also (s.s) [R].

Suppose now that 2 holds. If no subsequence of (zy,) is (s.s), then Theorem ([
yields a convex block subsequence of (z,,) equivalent to the summing basis. But
the summing basis is not semi-boundedly complete. This contradiction shows that
1 must hold. (|
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Corollary b1l yields the following equivalent formulation of Rosenthal’s theorem:

Corollary 5.2. For a non-trivial weak Cauchy sequence (xy) in a Banach space,
one of the following statements holds exclusively:

1. There exists a subsequence (T, ) of (xn) such that every convex block subse-
quence of (T, ) is semi-boundedly complete.

2. Every subsequence of (x,) admits a convex block subsequence equivalent to
the summing basis.

Evidently, Corollary B-2 makes even more transparent the analogy between
Rosenthal’s result and Theorem [L4l We also note here that, as it is shown in
[R], (z,) is an (s.s) sequence, if and only if every proper subsequence of its differ-
ence sequence is semi-boundedly complete. (In the terminology of [R], the difference
sequence (e;) of an (s.s) sequence is (c.c.). That is, if sup, || D1, a;e;|| is finite,
then the scalar sequence (a,) converges.)

We next give a quantitative version of Theorem

Corollary 5.3. Lett = (x,) be a non-trivial weak Cauchy sequence having no sub-
sequence which is (s.s.). Then for every N € [N] there exist M € [N], a countable
ordinal & and a constant C > 0, so that (€L - t) is C-equivalent to the summing
basis for every L € [M].

The proof of this corollary requires the following lemma.

Lemma 5.4. Let § be a countable ordinal and P € [N]. Let t = (z,,) be a sequence
in a Banach space which is (L,§) convergent (Definition[22), for every L € [P].
Given (e,), a sequence of positive scalars, there exists M € [P] such that ||££ - ¢|| <
€n, for every L € [M] and all n € N.

Proof. Let @ € [P]. Our assumptions allow us to choose (k,), an infinite subset
of N, so that ||£,§2 -t|| < €p, for all n € N. Stability now yields L € [@] such that
€L - || < €n, for all n € N. The assertion of the lemma follows from this since
{L € [P]: |&; t|| < €n, foralln € N} is a closed subset of [P] and therefore
Ramsey. [l

Proof of Corollary[53 Theorem (L6) yields u = (u,) a convex block subsequence
of (z,,) equivalent to the summing basis. We set v = (x,, — u,) which is clearly a
weakly null sequence. Employing the results of [A-A], we find a countable ordinal &
such that no subsequence of v is an €§ spreading model. It follows now, by Theorem
[, that there exists P € [N] such that lim,, [|££-v| = 0, for every L € [P]. We next
choose (€,), a sequence of positive scalars such that ) €, < 1. As a consequence
of Lemma [5.4] we obtain M € [P] such that || - v| < €,, for every L € [M] and
all n € N. A standard perturbation result now yields D > 0 such that (¢L - ¢)
is D-equivalent to (££ - w), for all L € [M]. Since the summing basis is uniformly
equivalent to all of its convex block subsequences, we obtain C' > 0 such that (¢£-¢)
is C-equivalent to the summing basis, for all L € [M]. This completes the proof. O

We observe the similarity between the statements of Theorem [[H and Corollary
b3 However, the set of ordinals £ satisfying the conclusion of Theorem is a
bounded segment of [0, w1 ), in contrast with the corresponding set in Corollary
which is of course unbounded.
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We continue our discussion about the relation between Theorems [[L4] and
Recall that Rosenthal’s co-theorem states that every non-trivial weak Cauchy se-
quence (x;), either has an (s.s) subsequence, or else there exists a convex block
subsequence (s;) of (z;) equivalent to the summing basis. In the later case, setting
v; = x; — s, we observe that (v;) is weakly null and that (z; — v;) is equivalent to
the summing basis. Therefore, passing to a convex block subsequence in Rosenthal’s
theorem acts as a filtration to remove the “noise” coming from an arbitrary weakly
null sequence. In our case the reasoning for passing to a convex block subsequence
is different: It exhausts the local ¢; structure of the sequence.

In spite of these differences it seems that there are similarities in the statements
for weakly null and non-trivial weak Cauchy sequences. Our final corollary which
is the analog to Elton’s dichotomy illustrates this.

Corollary 5.5. For a non-trivial weak Cauchy sequence (xy,) one of the following
statements holds exclusively:

1. Every subsequence of (x,) admits a subsequence equivalent to the summing
basts.

2. There exists a subsequence of (x,,) which is semi-boundedly complete.

Proof. Clearly the statements are mutually exclusive since the summing basis is
not semi-boundedly complete.

Suppose that 2. does not hold. Tt follows that no subsequence of (x,) is (s.s).
Theorem [ now yields that every subsequence of (z,,) admits a convex block sub-
sequence equivalent to the summing basis. To prove that 1 holds let (z,,,) be a
subsequence of (z,). Without loss of generality, by passing to a subsequence ac-
cording to Proposition 2.2 of [R], we can assume that (z,,, ) dominates the summing
basis.

Next choose (uy,), a convex block subsequence of (z,,) equivalent to the summing
basis. We set ¢y, = X, — Un, for all n € N. If (y,) is not semi-normalized, then
1 follows. So assuming that (y,) is semi-normalized we claim that there exists a
subsequence of (y,) equivalent to the unit vector basis of ¢g. Indeed, if that were
not the case, then by Elton’s dichotomy, Corollary B.3] there would exist a semi-
boundedly complete subsequence of (y,). But since every subsequence of (z,,,)
dominates the summing basis (and therefore every subsequence of (u,) as well),
we obtain that (z,,,) has a semi-boundedly complete subsequence which of course
contradicts our assumption that 2 does not hold. Hence, our claim must hold and
it immediately yields a subsequence of (z,,,) equivalent to the summing basis in
view of the following elementary fact: Let (f,,) and (g,) be sequences in a Banach
space with (f,) equivalent to the summing basis and (g, ) equivalent to the ¢y basis.
Then there exists a subsequence of (f,, + g») equivalent to the summing basis. O
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